In a Newtonian central force field, the minimumfuel interception of a satellite, or a ballistic missile, in elliptic trajectory can be obtained via Lawden's theory of primer vector. To secure interception when the target performs evasive maneuvers, a new control law, with explicit solutions, is implemented. It is shown that by a rotation of coordinate system, the problem of three-dimensional interception is reduced to a planar problem. The general case of planar interception of a long range ballistic missile is then studied. Examples of interception at a specified time, head-on interception and minimum-fuel interception are presented. In each case, the requirement for the thrust acceleration is expressed explicitly as a function of time.
Introduction
The problem of minimum-fuel interception of a satellite, or a ballistic missile, in elliptic trajectory has been discussed in Ref. [12] via Lawden's theory of the primer vector. This assumes that the motion of the target is uncontrolled and is subject only to a Newtonian gravitational attraction. In that case, optimal interception is achieved by application of one or two impulses to change the trajectory of the interceptor for a collision with the target. The initial trajectory of the interceptor may be a Keplerian orbit or an atmospheric ascent trajectory of a rocket or an airplane which carries the interceptor.
In practice, the preliminary determination of the trajectory of the target is generally not perfect, and ' if after its release the interceptor is unguided, it will miss the target because of errors in the input data. On the other hand, the same type of failed interception will occur if the target performs evasive maneuvers during the last portion of its course. To secure interception, it is proposed in this paper to use an improved guidance law, first discussed by Cochran in Ref. [2] , and later generalized and solved in closed form by the present authors in Ref.fll].
The general consideration for interception, the condition for interception at a specified point, and the condition for head-on interception are derived. For a fixed time interception, after solving the Lambert problem to obtain the reference trajectory, the guidance law is implemented with two navigation constants. In the case of a maneuvering target, the thrust vector, in magnitude and direction, for the guidance of the interceptor is presented explicitly as a function of time and it is clearly shown that the thrust level remains small for small deviation of the target. 
Guidance Law
The basic coordinate systems are presented in Fig. 1 with OXiYiZi being an inertial system and Mxyz being the moving coordinate system with origin at the position of interceptor M, the z-axis being along the line-of-sight from M to the target position T, and the Mxy plane being the plane of relative motion which contains the relative position vector R and the relative velocity vector V. The z-axis is orthogonal to both R and V, but has the positive direction parallel to RQ x V 0 . Then the y-axis completes the right hand coordinate system with i, j and k being the unit vectors along the axes.
Let RM and RT be respectively, the position vector of the interceptor and the target. 
where u> is the angular velocity vector of the rotating frame Mxyz. In inertial space, the orientation of this rotating frame is specified by the Euler angles 5, <f > and /? as shown in Fig. 2 . They are related to the components of u> in the rotating axes as follows: As a guidance law, we define the generalized commanded relative acceleration A c = k±R (4) where ki and k% are navigation constants. In Cochran's analysis [2] , k% = 0 while the navigation constant ki takes on the values 3 and 4 for the integrable cases. Here, however, both parameters ki and fe are real and arbitrary.
The objective of the guidance is to select navigation constants ki, £2 and initial conditions in order to drive R to zero within the performance capabilities of the interceptor.
It has been shown that, as a result of this law, both the precession angle 6 and nutation angle <f> are constant and consequently the Mxy plane remains parallel to the initial plane of relative motion Ref. [ll] . Therefore, even for the case of three-dimensional interception, the solution is obtained by solving for the range R(t) and the rotation angle /3(t) as function of the time t in the translating Mxy plane. With MO as the origin of coordinates, we take the inertial OXY plane to be the initial plane of relative motion defined by RO and V 0 . While both points M and T move in the inertial space, the line-of-sight MT generates a ruled surface as shown in Fig. 3 . We compute the coordinates of the interceptor by the relations By using the initial distance Ft® as unit distance, we define the normalized relative distance r = (6) In the plane of relative motion, it has been shown that if the guidance law (4) is implemented, and with a dimensionless time defined as T = u z0 t, (7) where U> Z Q = (d/3/dt) Q is the initial rate of rotation of the line-of-sight, the variations of r and /3 are governed by the third order nonlinear system [11] r = j r -/?' = r*-2 , subject to the initial condition r(0) = l, r'(0)=uo, (8a) (8b) (9) We have obtained explicit solutions for this nonlinear system in the form
where by definition
.
To achieve interception, the value UQ of the initial closing speed selected must satisfy the condition
The solution for the dimensionless time as function of the line-of-sight swept angle is given by
where B x (p, q) is the incomplete beta function [1] 
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where s is a dummy variable and the argument x is defined as
and it varies between a and 1. The parameters p, q and a depend on the guidance constants k\ and k% through the relations 
where B(p, q) is the beta function defined as [1] /•i S(p,?)= / s^-^a-s) 9 -1^.
(
19) Jo

Application to 3-D Interception
After we project the target motion into the initial plane of relative motion MoXY, we can separate the X-and y-directional target motion from the Z-directional one in the inertial coordinate system M 0 XYZ. Since the relative motion is independent of the target motion, we can consider the guidance problem in the MgXY plane using Eqs. (5) . As an example, we now consider a case of three-dimensional interception of a target in helical motion.
In general, in the original inertial system MoXiYiZi, the motion of the target, defined by R T = R r (t), (20) and the initial velocity VMO of the interceptor are given. Therefore, we also have RQ = Rr(io) and VTO = RT(*O)-By taking RQ as the unit distance and VTO as the unit speed, we are led to a new dimensionless time T defined as r = j£t.
With lower case for dimensionless coordinates and velocity components, we consider in the original system TO = (XITO, 2/1 TO, ZITO), 
In Fig. 2 , the initial relative angular momentum h = TO x (VXQ -VMO) which is along the ^-direction, has 
In this numerical example, we consider Once we solve the guidance problem in the system M^XYZ, we re-transform the coordinates from MoXYZ to the original coordinate frame MoXiYiZi to obtain the motion of the interceptor in this system. We now use the explicit solutions to study the interception of an incoming maneuvering long range ballistic missile. The geometry of the planar trajectory is shown in Fig. 7 . The Cartesian coordinates system is set up such that O is the center of the Earth with OY along the direction to the initial position MO of the interceptor, which has the initial velocity VMO with heading angle #o-At the initial time, the target is at the position RO from MO, with initial velocity VTO with heading angle OTO-The ballistic trajectory is usually an arc of a highly elliptic orbit around its apogee. Let RT be the distance to the target position from the center of the Earth. The polar equation of the elliptic orbit is~
where ax is semi-major axis, e? is eccentricity of the trajectory, and fr is the true anomaly.
The initial position of the target is conveniently defined by RQ and /?o, and /?o can be negative. Let RMQ be the initial radius of the interceptor. We use the normalized lengths
PMO = RMO
The motion of the target is completely specified by the data /JMO, Po, QT and er at the time to = 0. Indeed, we now show that £7-0, the initial true anomaly from the perigee and CT, the angle of the apogee from the y-axis and other elements can be computed in terms of the given data. From the law of cosines on the triangle OMoTo, we have the normalized radial distance of the initial target position from the center of the Earth
Next, using the law of sines for the same triangle 
The initial speed of the target is evaluated by the energy integral and its heading is
where 7ro is the initial flight path angle with er sin fro 1 + er cos fro (41)
Equations of Motions
With respect to the normalized coordinate system , we have XT = -e|) sin(fr -1 + er cos fr ' -e T ) cos(f r -CT) 1 
M T = , -t = (E T -
where n is the gravitational constant and MT is the mean anomaly.
Equations (25), with the z-component omitted are used to obtain the coordinates XM and J/M of the interceptor once the functions r(f) and j3(f ) are evaluated. This requires the selection of a pair of navigation constants &i and ki and the evaluation of A and UQ as has been done in the preceding section. For the time transformation, we go from the true anomaly fjto the mean anomaly MT which is related to the time
Now, from r to f, with the conversion factor given in Eq. 
is the initial speed ratio. Then, we have directly from M.T to r
The initial closing speed, which has been given in Eq.(32), is now rewritten in terms of no as
Therefore, in addition to the pair of navigation constants ki and £2, the intercept trajectory depends on the initial engagement velocity of the interceptor represented here by no and #o-Let us now define the dimensionless speeds of target and interceptor. With respect to f, the rate of change of the dimensionless linear range is dr/dr = (l/u Z QRo)(dR/dt).
Hence the reference speed is and consequently we define
From Fig. 4 we have the relative velocity along the line-of-sight and the direction orthogonal to it
Squaring and adding them, we have the general expression of the dimensionless speed of the interceptor In practice, it is more convenient to use Vro as the unit speed, and we define 
where VT is evaluated according to [10] 1/1 + Kj. + 1&T COS IT = -V1 + e T + I&T cos fro Fig. 9 . But here again, we have the freedom to choose k 2 to modify the velocity profile in order to keep the speed of the interceptor in an acceptable range. For the case of an intercontinental ballistic missile (ICBM) as a long-range ballistic-target in elliptic motion, its trajectory intersects the atmosphere. Since in these cases, to maximize the flight range with the available propulsion, the trajectory is usually near a minimum energy trajectory [3] , the given elements, PMO, A) > O-T and er, are really not arbitrary.
As in Fig. 10 , and for the sake of reducing the number of arbitrary parameters, we assume that = OMo and hence we have sin A) = -; 1 2/OMO Therefore, using Eq.(36), we have cos "
that is,
First, as a reference trajectory, we consider the minimum energy trajectory from TO to MQ. By a well known analysis Ref. [9] , the second focus O' of the elliptic trajectory is on the segment MoTo-Furthermore, by symmetry, it is at the middle point. Hence, the major axis is 2c*r = PMO + r- 
It can be shown that [10] Hence A) 0ro = 135° + - This is the optimum angle for the initial velocity for a minimum energy trajectory passing through the point MQ.
The circumferential range is
Taking a typical value, RMO = 6400A;m, we can generate the table for the relationship between the circumferential range D, the initial separation angle VTO and the normalized initial distance of the interceptor from the center of the Earth PMO as shown in Table 1 . We have the plots of typical ranges for major ICBMs of Russia, China, France, India, Israel, Iraq and USA [4] 
For the selected value of PMO specifying the range of the ballistic trajectory, we generate typical near minimum energy trajectories as follows. By keeping fixed the direction of the initial velocity VTO> we decrease or increase its magnitude to have an undershoot or an overshoot trajectory. Geometrically, this corresponds to moving the second focus O' to O( at the distance -c on the segment M 0 To or to O' 2 by the distance e as shown in Fig. 12 . Therefore, with £ > 0, we have the semi-major axis for the undershoot trajectory The value fn is computed from Eq. (38) with new values for c*i and e\ and Cri is given by Eq.(39). We proceed the same way with the overshoot trajectory, starting with
As numerical examples, we take PMO = Pro = 3.0, as the case of a medium-range (2, OOO&m class) ballistic missile.
Through the discussion above, for given PMO, we can calculate 0o, VTO, JTO, #ro> <*T, and the other elements of the minimum energy elliptic orbit for a target trajectory. With these values, we can draw the reference trajectory. Then, specifying e as perturbation in the initial speed of the target, we can obtain the near-minimum energy trajectories, such as overshoot and undershoot trajectories. Fig. 13 . By following the sensitivity analysis discussed in Ref. [10] , it can be shown that, to the order of 6, the change in the angular range is 4e (80)
Head-on Interception
Head-on interception is one of the good tactics to increase the accuracy of interception. Idan et al. [5] studied the head-on interception of a ballistic target as an optimal control problem with the constraint on the final approach angle. Since we have the complete analytical solution of our guidance law, we can easily do a parametric study to obtain head-on interception.
In order to intercept a target in head-on position, the head-on condition
is required. But if the condition of interception UQ < HZ (12) is already satisfied, the head-on condition is simply
Let us note that, here, we have do and no to be selected as the engagement parameters. When the initial position of the target, such as /3o and QTO, are given and either k\ or fe is already set -for example we take k\ -then for each pair of (no, #o) defining the initial velocity of the interceptor, we can adjust &2 to satisfy the reduced head-on condition (82).
For the two perturbed trajectories, we keep 77-0, and hence also #TO the same, and take e = 0.05 to change the major axis. Then, for the undershoot trajectory, we have QI = 1.725, e\ = 0.8575, f T1 = 171.3743°, Cn = 10.5625°. For the overshoot trajectory, the computed data are a^ = 1.7750, 
Example
Let us take PMO = 3 and e = 0.05 as an overshoot ballistic target trajectory with QT = 1.775, er = 0.83337, and an interceptor such that the initial speed no = 0.19205, and one of the navigation constants ki set to be 3. Now our choice is the initial heading angle #o of the interceptor. We use 0 0 = 15°, 30°, 45°, 60°, 75°, 90° for possible engagement. Once we take one value of #o> another navigation constant k^ is determined in order to satisfy the head-on condition (82). In Fig. 14, six head- Until now, we set the target initial position TO where Pro -PMO-Usually, however, when the interceptor starts its homing flight at MO, the target may be already on its way to impact. For such a case, we use the formulation of delayed launch. We first consider the hypothetical elliptic trajectory of target, starting at fx = fj> 0 as shown in Fig. 15 . Since the true anomaly and the flight time are related, we use the true anomaly in the formulation instead of time. Let us assume that the interceptor is launched when the target is at fr = fin, that is, r = TJ. The target position at that time is such that 1 + CT cos fr» -, (83a)
• BT cos fri Using Eq.(83), we can calculate r; and ft as follows (85) tan ft = 2±i_J^ii.
i + dm -
Recalling Eq. (58) VT-= --= VTO (87) and keeping the same initial speed of the interceptor VMO for every engagement, we have the initial speed ratio for each delayed launch as 
and using Eqs. (39) and (40), we obtain the target heading angle at that tune
With fa in Eq. 
for each engagement, and the necessary scale conversion with
we obtain the original-scale trajectory of the interceptor.
Example As an example, we use again the overshoot target trajectory with PMO = 3 and e = 0.05. We then launch an interceptor without delay at T = 0, when the target is at fro = 169.4375°, and intercept it at P 0 using n 0 = 0.19205,6 0 = 45° and ki = 3, &2 = 2. The first, second, third delayed launches at TI = 0.0980, r 2 = 0.2030, T 3 = 0.3122 are when the targets are at the true anomalies fin = 172.6356°, fire = 175.8336°, f T3 = 179.0316°, respectively. The resulting intercept trajectories are depicted in Fig. 16 . The variations of the corresponding speed of the target and the interceptor are plotted in Fig. 17 . Although the non-delayed launch leads to early interception, the duration of the interception is long. In the case 3, the intercept time is short, but it requires larger velocity than that of the case 2. If we choose case 2, the velocity change of the interceptor is smallest.
So the benefit of the delayed launch is not only to increase the kill probability but also to be able to modify the velocity profile of the interceptor and to keep the velocity in an acceptable range. Of course, the concept and the formulation of the delayed launch is applied to the so-called "shoot-look-shoot" strategy [6] to increase the chances of successful engagement to defend vital areas from the threat of the incoming ballistic targets. 
Realization of the Guidance Law The Required Thrust
We now consider the realization of this guidance law for the case of interception of a target on an elliptic trajectory in a central inverse square force field as in Fig. 18 .
By taking the second derivatives of Eqs.(5a) and (5b), we have the equations for the acceleration of the interceptor
Since the target is under the central inverse square force field, we have the equations On the other hand, for the interceptor, we have
where F is the thrust acceleration and tp is thrust angle for the powered flight. 
The thrust angle from the local horizontal can also be obtained as
where VM is the angle of the position of interceptor from y-axis as in Fig. 18 with (106) It is convenient to express the thrust magnitude in the form of the thrust-to-weight ratio F/g
Also, it can be shown that the thrust acceleration tends to zero at the final time if ki > 2.
Example As an example, we use the overshoot target trajectory, which is the solid line in Fig. 19 , in the case of PMO = 3 with e = 0.05 and hence j3o = -9.5941°, a T = 1.7750 and e T = 0.8334. Settinĝ = 4, fc 2 = 3, 0 0 = 60°, n 0 = 0.3841, we first have the analytical intercept trajectory obtained by the analytical solution of the guidance law, as the dash-dot line hi Fig. 19 . Next, by using the thrust law above, we calculate the thrust angle i/; and the thrust-to-weight ratio F/g for the powered flight as in Figs. 20 and 21, respectively. Then applying that thrust law, we integrate numerically the equations of motion of the interceptor to obtain the powered flight intercept trajectory in Fig. 19 . As can be seen in this figure, both analytical and powered flight trajectories show perfect agreement.
;..*!!.;... 
Optimal Interception
By specifying the final time r/, we specify the intercept position (if, yf). We then can use Lambert's theorem to calculate the initial condition UQL and QQL for the interceptor to be on a collision course on free flight with the target. It can be said that, if the guided intercept trajectory coincides with the Lambert trajectory, the interceptor does not need any thrust acceleration during its flight, apart from the gravitational acceleration. To follow the Lambert trajectory, we use this initial elliptic targeting condition for the powered flight interceptor, which has two navigation constants fci and k% for homing towards the target. Since theoretically, without thrusting correction, the Lambert condition leads to interception, it is possible to select a pair of parameters (ki, fcj) for minimum fuel consumption with the guidance law enforced.
For the powered flight, we have the equation for the mass flow rate [7, 8] dm _ _c dt g '
where c is the specific fuel consumption, m is the mass, and T is the thrust of the interceptor. Since we have the relation T = mF, using T = (Vro/Ro) t, we have dm m
Hence, we define the performance index for the minimum-fuel powered flight as
Jo \gj (110) with the constraint such as
where Ar is the specified time of interception. Our purpose is to minimize this performance index J with respect to ki and k^. The procedure to achieve this optimal interception is as follows. First, we are given the specified intercept time Tf or equivalently the specified intercept point (xf, yf). Next, from that given condition, we solve the Lambert problem to obtain the initial elliptic targeting condition HOL and SQL. Once UQ is obtained, 77 becomes function of fci and fc 2 only in Eq.(18), and there exist pairs of ki and k% to satisfy the final time constraint T/ . Then, we set some values of &2, and find the corresponding values of ki which satisfy the specified intercept time Tf. Finally, for each pair of ki and £2, we calculate the thrust accelerations and integrate them to find out the optimal pair of ki and k? which minimizes the performance index J, that is the total fuel consumption.
Example
Taking PMO = 3 and e = 0 for a minimum energy ballistic target trajectory, we specify the normalized intercept time as T/ = 0.96129, and calculate the intercept position in dimensionless coordinate as (x f , y f ) = (0.3691, 3.1840). Then upon solving the Lambert problem, we have the initial elliptic targeting condition UQL = 0.80989, and 0 OL -60.0973°. Now to compensate for possible error in targeting, we use these conditions for the powered flight with a pair of navigation constants fci and k% to make the interceptor home to the target.
For each £3 used as a parameter, the corresponding ki is determined to satisfy the constraint on Tf at r/ = 0. For this trajectory, the thrust-to-weight ratio is generated and the integral (110) is evaluated for the performance index J which is plotted in Fig. 22 in terms of fa. Its minimum J m in = 0-0091228 occurs at k 2 = 90.99 with the corresponding &i = 3.307.
It is noted that, by our normalization the analysis is independent of the mass of the planet of attraction and of the characteristics of the fuel used. To have a physically realistic instance, we take the Earth with (j, -3. 
Conclusions
A new guidance law, with explicit solutions, is applied for interception of a long range missile. In the absence of atmosphere, the ballistic flight path of the target is generally an arc of a highly eccentric ellipse. The minimum-fuel ballistic intercept trajectory can be easily obtained via Lawden primer vector theory. But if the target trajectory is perturbed, or if the error in tracking leads to a miss distance in interception in the pure ballistic mode, the guidance law, if activated, will lead the interceptor in homing to the target. It is shown that by a rotation of coordinate system, the problem of three-dimensional interception is reduced to a planar problem. The general case of planar interception of a long range ballistic missile is then studied. The equations of motion of the interceptor in its homing flight path, the variation of its speed and the thrust law for the guidance are given in explicit forms. Examples of interception at a specified time, head-on interception and minimumfuel interception are presented.
